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A Theoretical Study of the Inviscid Hypersonic Flow about a

Conical Flat-Top Wing-Body Combination

PavL Manor*
National Research Counctl, Ottawa, Ontario, Canada

By combining the theory of linearized characteristics with the hypersonic small disturb-
ance approximation, explicit expressions are derived for the shock shape, the flow field, the
surface pressure distribution, and the aerodynamic forces for a delta wing and half-cone
combination traveling at hypersonic speeds and small incidence. The theory is applied to
a particular configuration for which surface pressure measurements are available. The theo-
retical and experimental pressure distributions agree quite closely on the body surface; but
in the wing-body junction and on the wing, the theory predicts pressures that are too low.

Fourier coefficient associated with fluid velocity

Fourier coefficient associated with entropy
distribution

incidence of configuration axis

ratio of specific heats

angle between shock normal and meridian plane

density ratio across cone shock

semiapex angle of cone

Uzn, Von, Wen
Sen

Nomenclature
a = local speed of sound
b = total wing span
Ca = axial force coeflicient
Cp = drag coefficient
CL = lift coefficient
Cy = normal force coefficient
Cp = pressure coefficient [(p — Pw)/3pU .2
Cy = specific heat at constant volume
Gans han,
Jens k2n = Fourier coefficients
l = sgpanwise distance measured from windward
generator
M., = freestream Mach number
M, = flow Mach number perpendicular to leading edge
n = vector normal to shock surface
P = absolute pressure
q = fluid velocity vector
q = magnitude of fluid velocity
¢ = limit speed
R,0,0 = spherical coordinates (Fig. 1)
S = specific entropy
8 = nondimensional entropy
U, = freestream velocity
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8, = local shock wave angle

A = gemiapex angle of wing

P = density

x, = shock angle (Fig. 3)

x’ = angle between velocity perpendicular to leading edge

and leading edge shock

Subscripts and Superscripts

® = freestream

e = region downstream of leading edge shock
0 = axially symmetric flow

b = body

w = wing

1. Introduction

URRENT interest in orbital gliders and lifting hypersonic

vehicles has stimulated both theoretical and experi-
mental work on the prediction of flow fields about such
configurations. As a suitable aircraft design developing high
lift-drag ratios in hypersonic flight, a flat-top wing-body
combination has been proposed in Ref. 1. This configura-
tion consists of a thin, highly swept delta wing beneath
which is mounted a half conical body.

Although experimental data on flat-top configurations are
being steadily accumulated, there exist relatively few theo-
retical studies of the flow about such shapes. A method for
predicting the aerodynamic forces on flat-top configurations
has been presented in Ref. 2. Since it is based on linear
theory, its validity is necessarily restricted to the low super-
sonic speed range. In Ref. 3, a semiempirical method based
on the inviscid conical flow equations has been devised for
predicting the hypersonic flow about slender flat-top con-
figurations. Although the agreement between the predicted
and the experimental surface pressure distribution is remark-
ably good, the theory is in error because the calculated pres-
sures on the wing do not reduce to those at zero incidence
where they are known from the flow about the complete cone.

The purpose of the present investigation is to develop a ra-
tional theory of the flow about conical flat-top configurations
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traveling at hypersonic speeds and small incidence. Mathe-
matically, the problem involves the solution of the nonlinear
conical flow equations in conjunction with a set of boundary
conditions, some of which are specified at boundaries (i.e.,
shock surfaces) whose positions are not known a priori, but
must be determined from the solution.

An attractive approach for caleulating the supersonic or
hypersonic flow about a pointed body is that of the method of
linearized characteristics* which considers the flow about
the body to be a perturbation of a known basic nonlinear
flow. Since the flow about a flat-top configuration at small
incidence does not depart too much from rotational sym-
metry, this suggests a perturbation procedure that employs
the flow about the circular cone at zero incidence as the basic
flow. Only linear terms in the perturbation quantities will
be retained in the differential equations and boundary condi-
tions. It should be emphasized that the linearization is with
respect to deviations from a known nonlinear flow which is
““close” to the actual flow; this is in contrast to the assump-
tion of linearized flow theory where the linearization is with
respect to deviation from the uniform flow.

In caleulating the supersonic or hypersonic flow about a
flat-top configuration, a difficulty arises similar to that in the
problem of supersonic flow about complete cones at yaw.
Solutions based on perturbations in incidence are not uni-
formly valid and break down in the vicinity of the cone sur-
face. The nonuniformity is due to the presence of the vorti-
cal layer surrounding the cone surface. The flow structure
within this layer is complicated, and special mathematical
techniques are required for its study.»¢ Fortunately, in
practical applications where the flow variables are only re-
quired at the cone surface, no detailed knowledge of the flow
structure within the vortical layer is necessary; only vortical-
layer corrections to the flow variables need be applied to give
accurate surface values of velocity, temperature, etc.” Since
there also exists a vortical layer surrounding the body in the
present problem, a similar approach will be followed.

2. General Theory

The configuration to be treated is assumed to consist of a
half-circular cone mounted beneath a thin delta wing whose
leading edge is considered sharp. Under these conditions
the wing shock and the cone shock are attached, and the flow
fields on the windward and leeward sides of the wing may
be treated independently. If the freestream Mach number
is assumed large compared to unity, the local pressure coeffi-
cient on the expansion side of the wing is approximately
equal to zero irrespective of incidence. Since the lifting
pressures are then entirely due to the flow on the compression
side of the configuration, the theory may also be applied to a
wing-body combination whose upper surface is not necessarily
flat.

Furthermore, the configuration is assumed to be slender,
the body and the wing to have a common apex and to extend
to infinity in the streamwise direction. Since there exists no
fundamental length, the flow field is independent of distance
from the apex and thus conical. If spherical polar coordi-
nates R, 8, ¢ are employed (Fig. 1), the flow is a function of
the angular coordinates 8, ¢ only and may be treated in a
cross-flow plane.

It is important to pay particular attention to the geometry
of the shock waves. The shock system, shown in cross-
sectional view in Fig. 2, consists of 1) a plane shock AB at-
tached to the wing leading edge, 2) a cone shock BC, and 3)
a curved shock segment BD due to the interaction of the
plane and conical shock wave. The existence of the latter
may be deduced by appeal to the unsteady flow analogy,
according to which the problem becomes equivalent to that
of wave interaction in a two-dimensional space. The addi-
tional shock segment BD plays the role of the Mach stem in
the unsteady analogy, forming a three-shock configuration
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Fig. 1 Schematic diagram of spherical polar coordinate
system.

at B and intersecting the wing surface perpendicularly.
Since fluid particles undergo different entropy changes ac-
cording to whether they pass through one shock BC or two
shocks AB and BD, a vortex sheet BG must form to allow for
the discontinuity in entropy, internal energy, and density.
The shock pattern shown in Fig. 2 agrees with that proposed
in Ref. 8.

Other qualitative features of the flow may be deduced by
extending concepts of the supersonic flow about delta wings
at incidence. As shown in Ref. 9, the field on the compression
side can be divided into an outboard region where the flow is
uniform, two-dimensional (in planes normal to the leading
edge), and the equations are of hyperbolic type; and into an
inboard region where the flow is nonuniform, three-dimen-
sional, and the equations are of elliptic type. The boundary
between the regions is the parabolic surface that is identical
with the characteristic conoid emanating from the apex.

If a half-cone is considered mounted beneath the wing,
the flow in the outboard and inboard regions is of the same
forementioned type, but the boundary between these regions
is the shock segment BD (Fig. 2). Since the elliptic region
is now bounded by the curved shocks BC and BD, the spe-
cific entropy downstream of these shocks must vary from
streamline to streamline. This implies that the flow in this
region is rotational.

3. Equations of Motion and Boundary
Conditions

If one postulates a perfect gas with constant ratio of specific
heats v and constant staghation enthalpy throughout the
medium (since the flow originates in a uniform freestream),
the equations appropriate to rotational flow are,

q X curlq = —a?grad s 1)
(a-V)(1/2¢*) = a*div g @)

where
¢ = lq|? 3)

Fig. 2 Shock and

streamline pattern at

incidence in cross flow

plane x = 1[0 < ¢ <
(r/2))
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(Ref. 10) 4)

is the limit speed and s the nondimensional specific entropy,

S =8

=22 5
v(v = De, ®)
If Egs. (1) and (2) are expressed in terms of spherical polar

coordinates (R, 8, ¢, Fig. 1) and all derivatives with respect

to R are ignored, the resulting equations describe a conical
flow whose velocity components (gz, gs, ¢4) satisfy

Ogr | g Vr _ ., ., _
“6 T sinhop 1 T W =0 (6a)
% o % a%& . _ (Las
B 36  sinb 0¢ + ®5e — 9290 + g4 eotf = — 56
(6b)
9z Oe | G Oy s _
sing 0¢ sind d¢ 650
a? 0s
qrqe — cotl gyy = — m& (6¢)

ogs . 1 0gy , ] _
[2qR T30 T 5o sinf O0¢ T ot

O 4 9 Oy _
[0, * aimas)(5) =0

where ¢* = ¢r? + ¢42 + ¢4% and a2 is given by (3).

The system (6a—-6d) must be solved for gz, g4, ¢4, and s,
subject to the following boundary conditions.

At solid surfaces,

94(0:, ¢) = 0 l¢| < /2
(M
9¢(0, = m/2) = . <0<\
6., N denoting the semiapex angles of the cone and the wing,

respectively.

At shock waves, the boundary conditions immediately down-
stream of the shocks BC and BD, whose positions are in-
itially unknown, must be found from the well-known jump
conditions across shock waves

og-n]{ =10
[p + (bq-n)?] =0

2
=0

[ Xa]l=0

where brackets denote the change in the enclosed quantity
across the shock, and n is the unit vector normal to the shock.

If these shock conditions are applied to the shock-segment
BC, whose upstream face is in the freestream, the following
rclations can be shown to hold immediately downstream of
the shock BC'1:

qz/Us = cosbs cosa — sina sind, cose (8a)
¢o/Uw = —1l, + mp cosd sind (8b)
go/Us = b tand + ny, cos?s (8c)

TR <p:> ] (5D
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where
ms = cose sinfd, + sina cosf, cos¢ -+ tand sina sing

ny, = sine sing — tanéd (cosa sinfs -+ sina cosf, cose)
-1 4 1 U2
=Y g [ 5 2 00526)]

Yy +1U2m
The equation of the shock segment BC is § = 6,(¢), de-
fined within a specific range of ¢; 8 is the angle between the
shock normal and a plane ¢ = const, defined by

tand = (1/sinf,)(d6./de) 9

and p/p., p/p. are the pressure and density ratios across the
shock BC given by

— ;2 2 2
£=1+1MQ_[LEJ_% cosza+%—_1]

b

Do y+1 aelly—1 ¢
p _ ms cos®d
Pe b

Dy Py 80 a.. being the pressure, density, and sound veloe-
ity of the freestream, respectively.

The boundary conditions that hold immediately down-
stream of the shock segment BD are calculated similarly.
It should be noted, however, that the uniform flow upstream
of BD is produced by the shock AB attached to the wing
leading edge (Fig. 2). Since the latter is straight and its
position known, this uniform flow is readily caleulated.?
Hence, by allowing for these modified upstream conditions,
it can be shown that the following relations exist immediately
downstream of the shock segment BD!:

1= _ <cos:x cosI\ + % sm)\> cosf, +

cosa sin\ — My cos\ sinf,|sing| (10a)
M.

g9/ Us = —l + 1w cosb sind (10b)

94/ Us = l» tand 4 n, cos? (10¢)

s=3e+

AN

where

==

JF
M

cosk(cosa SinA — JZ) X

(—cosf,|sing| + sgne tand cose)

My = <COSa cos?\ + sm)\> sinf, +

. M,
Ny = COSA <cosa sinA — J[m> X

(sgn¢ cose + tand cosd,|sing|) —

(COSa costh + %3 sin)x) sinf, tand

L o

v B'wz B
7.2
(COSZa COs?\ — %2 5 = Mt cos26>:|
sgng = ¢/| ¢l

The equation of the shock segment BD is 8 = 6,(¢), de-
fined within a specified range of ¢; ¢ has the same meaning

asin (9). M, is the Mach number of the flow perpendicular
to the leading edge downstream of the leading edge shock,

g — 2 2)\)1/2 (@(_,

.o a cos?a cos?\) cosx
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X is the shock angle shown in Fig. 2 and x’ the angle between
the leading edge shock and the component of the freestream
velocity perpendicular to the leading edge. x, x’ are de-
fined by Eqgs. (4.2.1) and (4.2.2) of Ref. 9, respectively.

The pressure and density ratio across the shock BD are!!

p y—12 [ 2 U
;f“”wlaz[v——l g oSt

2 17.2
qu (cosza cos?\ + %12) - 1:|

Mew?
L = —— c0s%
Pe l

w

where a., p., p., and s, denote, respectively, the velocity of
sound, pressure, density, and specific entropy immediately
downstream of the leading edge shock. They are defined by?

&

Q

2 —1 2+
142122 <1 - X )(1 — cosa cos\)M..?
" COs*x

3 . t
g; = 1+ v sin?y (1 — t:i?)(l — cos?a cosZA) M .2
p. _ tany’
Pos tany

1 De pﬁ”’
S = 7(7—1)10[ (m)]

Within the framework of exact inviscid theory, the wing-
body problem thus involves the solution to the nonlinear
system of Egs. (6a—6d) for the region bounded by the
cone surface, the wing surface, and the shock segments BC,
BD. At solid boundaries the boundary conditions are given
by (7); at the shocks BC and BD, whose positions § = 6.(¢),
R > 0 are initially unknown, the boundary conditions are
given by (8) and (10).

It is evident that the problem as formulated is too compli-
cated to be solved exactly by analytic methods. To render
it mathematically tractable, the incidence of the configura-
tion axis will be assumed small compared to the cone semi-
apex angle. The flow at small relative incidence can then
be treated as a small perturbation of the flow at zero incidence,
the latter being presumed known.

4. Flow at Zero Incidence

The characteristics of the flow at zero incidence can be
deduced, for instance, from the foregoing discussion by letting
a— 0. The principal results are 1) that the shock segments
BC and BD merge to form the conical shock 6 = §,, B > 0,
coaxial with the body cone, where §,, is a constant depending
on 0., M., v; 2) that the leading edge shock degenerates into
a Mach wave whose inclination to the plane of the wing is
(Fig. 3)

1
= gn=tf ———
X = sin (Mm sin)\) (11)
and 3) that the parabolic surface is the circular cone

0 = sin—1—

©

E>0

For future use it is important to calculate the posmon of
the point of intersection of the Mach wave from the wing
leading edge with the cone shock (point B, Fig. 3). If ¢=
denotes its angular position, it can be shown from the spheri-
cal triangle A, B, E (Fig. 3) and by use of (11) that

singp =
cosfs, cosh 2, [(M.2 sin?\ — 1)(M .2 sin%f,, — 1)]%/2
(M.2 — 1) sinf,, sin\

(12)

CONICAL FLAT-TOP WING-BODY COMBINATION

1959

\MACH WAVE

CONE SHOCK

Fig. 3 Cross flow at zero incidence.

Since the parabolic surface must lie either within the shock
layer or in a region within the body, this implies that the
roots of (12) are real, indicating actual points of intersection;
however, only the larger of the roots is of physical interest.

5. Flow at Small Relative Incidence

The flow about the wing-body combination at small relative
incidence can now be calculated by means of the perturbation
procedure outlined previously. The subsequent development
is to some extent similar to that of the flow about the complete
cone at small yaw# 12; however, it departs in several impor-
tant respects because of the different geometry of the con-
figuration and the existence of the shock segments BC and
BD.

If quantities associated with the field about the basic
cone at zero incidence are denoted by the superseript “0,”
then ¢z®, ¢,@, and s® may be regarded as given. Only
linear terms in the perturbation quantities will be retained in
the differential equations and boundary conditions. To this
approximation, series representations of the flow consistent
with the differential equations and boundary conditions may
be written as

gr = qr©® + Z Ugn COS2ND

°n0

% = 0 + % 3" s, cos2n¢
¢ n=0
(13)
= % Z 2, SIN2N

a oo
s = sO© 4 7 > san cOS2n0p
°n=0

where s,, v2n, and ws. are functions of § to be determined,
wy = 0 for convenience, and the s,, are unknown constants.

Similarly, the shock wave angle 8, is expanded in a Fourier
series

0.(9) = 0+ 5 3 bu cos2ng (14)
¢ n=0

where 8, is the shock wave angle for the basic cone and the
be,, are constants to be determined.

When the series (13) are substituted into the system (6a—
6d), and coefficients of like powers in «/f, are equated,
an infinite set of differential equations results. As expected,
qr®, ¢y, and s© satisfy the differential equations for axially
symmetrical conical flow

dqz®
dé

d 2
[Zq UL pas cow] =% 5 <?;—) (15)

ds®
do

— qe((!) =
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where

_r—1

a0’ = —5— [ ~ ¢z — "] 9* = gr®: + ¢

(16)

whereas the Fourier coefficients of the perturbed field satisfy
the series of ordinary differential equations.
n = 0:

©),
(a0 — qo®)u” + {(14)2 cotd — [(7 -1 q;oz + 1] X

d (g0 dge®
= (%) — g© (%‘.’5_ + QR(0)>} w! +

©g,© 2
[2%2 — (v - d% (%) - Qo(o”] w =0 (i7a)
0
vy = U’
n>1
G , O

q
—_ =2 R 2nu n — 0)qp), "' —_— 0 +
S MU sind 2 de 2 (qR

2

[¢5)
© = G
¢ cotb)ws, pry 2n82n

©),

a (e _ o (2%6” «n] '
d0<2> W\ ~gg T Uan” -

©g,@ d 2
[2002 - (r—=-1 o a(il: a6 <%> - QG(0>Z:| Uz +
ao® 2nws,
sinf 0 (7b)

YV = Uy’

primes denoting differentiation with respect to 6.

The system (17b) is identical with that associated with
the supersonic flow about cones at small yaw!? except that
Son 18 now defined differently. It possesses the first integral

2MUy, + SiNOWs, = —2n sinTs, (6) (18)
where

T2n(6) = s2n(~—q5®)*(sinf) ~1/2ge1/ (v =1 X
6 @7/ (v=1gp

VTS YPR n>0 (19
b, (— )7 (i) =0 19

It should be noted that the foregoing formulation applies
to configurations of arbitrary cone angle and arbitrary lead-
ing edge sweep, flying at supersonic or hypersonic speeds and
small relative incidence. Because terms of order «?/8.2 have
been omitted in this formulation, first-order quantities will
differ from their exact values by 0(«?/6.2).

It seems unlikely that the foregoing differential equations
admit analytic solutions. Hence they may have to be solved
numerically.

6. Hypersonic Approximations

The theory is rendered more tractable by introducing the
hypersonic small-disturbance approximation. To this end,
it is assumed that

M. — «, 8, — 0 such that M.0. ~
lor>>1, A ~6. (20)

In addition, it is assumed that the shock wave is “close”
to the body, i.e.,

[(0 — 6,)/6.] <K 1 (21a)
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which implies that

1
= 1 ~ T = ¢ < < 50
cosf , cotd ~ 6 " 8 ford. <6< 9 (21b)

Eq. (21a) implies the assumptions

1
02!
as may be shown by means of the formula for 8, [cf. (27)].

If these assumptions are introduced and squares and higher
powers of small quantities are discarded, a first-order hyper-
sonic theory can be developed which can be expected to
provide a close approximation for slender configurations at
small incidence.

If we, and we,’ are eliminated between (17b) and (18)
and the approximations (20, 21a, 21b) are introduced, (17a) -
and (17b) simplify to

02uy’’ + Ouy’ + 26%u, = 0
0%&2,,” + Gu;;,,' bt 47L2U2n = 47L2T2n(0)

Yy - 1K1

n=240 (22a)

n>1 (22b)

where T, is to be understood as the hypersonic approxima-

tion to (19), namely,

y =14~ U
2 Uxb:

1 O,\Y2( 0 — 6. \'?
[ - <?> (6” - m) ]
Substituting (13) into (8) and (10), expanding gz, ¢,©,
Ugn, Vzn, A0 we, in Taylor series around 6 = 6, the boundary
conditions (8) and (10) can be made to yield the following
relations for Us., vz., ete., at 8 = B, valid for n > 0:

Ton(0) = Som X

n >0 (23)

Ez;ﬁiu) = —bgn(l - e)osn + g?n(es‘)) (242]’)
Ugn' (Onn) _ V20 (0) _ 2
»wa = Um = by + 1 b2n(2 + G) + k2n(0so> (24b>
“B%‘” = (1 = 2nbsn + han(6) (24c)
ds©® .
o l:—;? :lo=asa b - nl02) 24D
where
Y- 1 2 1

€_7+1+'Y+1M0020802 (25)

ds® 1
[_dwew :|€=080 h 0_80 X

(]Wm20s.,2 — 1)2
(VM0 — [(v — D211 + [(v— D/2IM%0.7)

are the density ratio across the bow shock when « = 0 and
the rate of change of entropy with respect to shock angle,
respectively.* 6, is defined by

&,_v+1+[<7+1>2+ 2 1]“2
. v+3 v +3 v + 3 M.%6.2

(Ref. 13y (27)

whereas the gen, Aizn, J2a, and ks, are obtained by application of
Fourier analysis to the right-hand sides of the linearized forms
of boundary conditions (8) and (10). To demonstrate the
procedure, g., will be calculated explicitly. To this end the
right-hand sides of (8a) and (10a) are combined by defining
a function G(6, ¢, ), say, which may be approximated by

(26)

GO, ¢, @) = GO@O) + (a/6) G0, ¢)
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where
GO(0) = cosf
corresponds to the axially-symmetrical flow, and

[¢] < ¢s

[ —sing cose

I Ny
G, _ | —sinX cosf 4 cosh sinf| sing |
© ¢ ] (M2 sin?\ — 1)!/2
65 < I¢l < /2
Defining G (8, ¢) outside the interval |¢] < x/2 by its
periodic extension, putting

GV, ¢) = Zm: G2 (0) cos2ne
n=0

and introducing the hypersonic approximations (20), (21)
yields

x/2
w(® = 2 7 o, 9rig =

20 [ . N/ [(x/2) — ¢r] — cosor
-= I:squB + (M .ENE = DI :I

4 z/2
n = - ) —_
gan(6) - f:) GG, ¢) cos2npdd

(28a)
20 fsin2n + )¢5 | sin2n — D¢p
o { 2n + 1 n—1
1 A sin2n¢r | cos(2n + 1oz
(M 2N2 — 1)V2 l:‘ 2n om+1
cos(@n — 1) s
on — 1 ]} (=

Proceeding similarly with the boundary conditions (8b),
(10b) ete., explicit expressions for A, j, and ks, are derived.
These are

ho = O
B — 2 §sin(2n — 1)¢p _ sin(2n + 1)¢s L
S 2n — 1 2n + 1
1 [cos(2n + s + (28b)
(M 22— 1)v2 2n + 1
cos(2n — 1)¢p
m— 1 ]} nl

7.0(0{= 727_

} ds_m)] 1 o __—_____1 X
o a8 |\ T e — ik
v—1

[ 5 %MwW (g - ¢B> + coscbg:'}

@) = 23 [ds(‘”] {sm@n + 1)¢s
" w8 df n 4 1
sin(2n — )¢z 1
m—1 T (.= D
[(v'— 1)~ M. SIDZZ¢B + COS(;: - ?d"* -

cos(2n + 1)¢B:|}

+
(28c)

X

>
2n + 1 ml

- 21
wo - - 24(22 7
1 Ay — T

(M 2\ — 1)12 [20 v+ 1( ¢B) -

vy —1
(2553~ o) ote ]}

[Thé second part of Eq. (28d) is in the following column.]

- e> singp 4
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- _2 ry=1_
) = = 24(27 5 ) %
<sin(2n + ¢z . sin(2n — l)qSB) _
2n + 1 2n — 1

1 Ay —1 sin2n¢3
(M. 22 —

L X [457 +1 2n
<2 vy—1_ > cos(2n + 1oz
y+1 € on + 1
cos(2n — 1)¢z ]}
2n — 1

where e and [ds®/d8] are given by (25) and (26), respectively.

(28d)

n>1

7. Explicit Solutions for the Flow Field

The solution to the series of differential equations (22a)
and (22b), satisfying the boundary conditions (24a~24d) and
Uz (6:) = 0 [ef. (7)], can now be found for each value of n
separately. It can be shown that the boundary conditions
are sufficient to determine bsa, 42.(8), and .,.(8) uniquely
for each n. For n = 0 these are approximately

y+1

by = — m ko(0s) (29a)
u;]_w) = lgo(0:) — bo(1 — €)0,p][1 + 0(6.7)]
(29b)
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whereas, forn > 1,
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Fig. 4 Shock shape for family of configurations with
A6 = 2.09 and M6, = 1.

where, for brevity,
00 1/2
=(1-2 30
w=(1-5)" oo

0c 1/2
v=(1-%)
dx

Tanl®) = [ =
(31a)

Yy
K2n+1(y) - ‘fo (1 — x2)2n+1dx

The Jan11, Konpa can be shown to satisfy the recursion rela-
tions:

_ (n - Dn — 3)
Jona(y) = 4n(4“n ) Jona(y) +
1 y -1 2
el >
8n (1— y2)m [2n itz yz] nz1 (1b)
Jiy) = tanhty =  logg J_“z
. _ (4n + 2)4n
Konn(y) = (n ¥ 3){@n + 1) Kona(y) +
y(1 —yﬂ)ﬁ'"“[ mt2 1 1 s
4n 4 3 n 4+ 11— y2 - (31¢)

Ki(y) =yl — 4*/3)]

Fons(8) = <%)““1[K2n~,<ys> — Koa(y))

c

)

Since the sequences of functions Joni1(y), Konu(y), n =
0, 1, 2 depend only on elementary functions of y (algebraic
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Fig. 5 Spanwise pressure distribution on lower surface of
model B,W,."7
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and logarithmic), it follows from (29b, 29d, and 30) that each
Upn(f) for n > 0 consists only of elementary functions of
6/8..

The Fourier coefficients of other flow variables are readily
calculated. For » = 0, they are given by (29a) and (29b),
whereas, for n > 1, ¢35, follows by differentiation of (29d)
with respect to 6 [ef. (17b)]; sz from (24d); and w., from
(18, 19, and 29d). Whence the velocity and entropy fields
external to the vortical layer are completely defined by (13)
and the shape of the bow shock by (14, 29a, and 29¢).

8. Surface Pressures and Aerodynamic Forces

If flow properties are to be evaluated at the cone surface,
the presence of the vortical layer surrounding the body must
be taken into account. The calculation procedure is similar
to that of the flow about complete cones at small yaw.” The
only difference is in the position of the vortical singularity
where the velocity is many-valued, the vorticity is infinite
but the pressure is single-valued. Since, for small incidence,
the vortical singularity coincides with the stagnation point
of the cross flow where g, = ¢4 = 0,4 it follows that, in the
case of a flat-top configuration, the vortical singularity must
lie in the wing-body junction. By applying arguments
similar to the case of cones at yaw,* it can be shown that the
entropy on the cone surface must be equal to the constant
value that exists in the meridian plane ¢ = 0. On the other
hand, the entropy field external to the vortical layer as given
by (13) is the system of planes ¢ = const which appear as a
pencil of lines in the cross-flow plane (Fig. 2).

To calculate the spanwise pressure distribution on the
configuration surface, use can be made of known results for
cones at yaw’; namely that, to the present order of acecur-
acy, the pressure is simply transmitted across the vortical
layer, i.e., the approximate pressure field external to the
vortical layer is uniformly valid right to the cone surface.
It can be calculated by means of the thermodynamic relation

2 -1
" (%)W e (32)
P G

where a? and s are given by (3) and (13), respectively. If
these are substituted into (382), and relevant hypersonic
approximations are introduced, the pressure distribution on
the surface of the configuration can be expressed as follows:

On the cone surface, :

Co(b:, ¢) _ Cr(80)

0.2 6.2

2a p®(0:) & uan(be) [T
- P e s < _
6. . 2 6.0 cos2n¢ l¢] < 5 (33)
where
C,®(0:) 4 0y 1
6 119 1 T (Ref. 13) (34)
_ is the pressure coefficient at zero incidence and
©
p(6) 1 [ef. (25)]
Po €

the corresponding density field.
On the compression side of the wing, between the junction
and the shock BD.

C (0 7r> IO KOS SR
0

92\ 2 6.2 Pe 0.
gr@(0)u2.(0) Qs“’)(o)vzn(a):l
. <0<6, (35
[ 6.0 6.U.2 6. <6506, (35

where p®(6)/p., and C,®(6)/6,* are approximately given by
(25) and (34), respectively.
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Between the shock BD and the wing leading edge,
C, <0 LAY 2(aN/0:2)
62\ 2

(1Wm2)\2 —_ 1)1/2
i.e., the pressure is uniform.

Since both the entropy and the pressure distribution on
the cone surface are thereby known, any other thermodynamic
variable can be evaluated using the perfect gas equation of
state relating that variable and the pressure and the entropy.
For instance, the density and temperature distribution on the
cone surface are

0, <0< N (36)

p(ic, %) _ 15 I:l _ ;i%m_ M2, Zw: cos2n¢]
T
(¢ < 9
7@, ¢) _ [a(ac, ¢)]2
T Ue
aﬁ[l (7_1)53‘2 ylwzf: E@cos%qb]
o 2060,
T
lel <3

where aq is the sound velocity at the cone surface at zero inci-
dence, defined by (16). Surface values of velocity com-
ponents may be obtained as in Ref. 7.

By integrating the surface pressures about the exposed
area of the body and the windward side of the wing, the nor-
mal and axial force and, hence, the lift and drag, can be

calculated. It will suffice to quote relevant formulas from
Ref. 11:
Cyy _ 0. [ Co(8.)
6.2~ X 6.2
20 p©(0) & (=1 u2n(0)]
b p> (2n + 1D2n — 1) 6.U,
Cv, 4 Ou’ _
62 v+1\ M. 2030 A,
2a & (20/60) [(N/8:) — (6x0/8:) ]
e 3 (D S
Car _ 70 [C,0(6)  2a p®(6.) (6 g@(@]
65 2 N[ 62 0. po Us 0.Ua
Ca, = 0 (since the leading edge is assumed sharp)
where

_ [ 00 [%“’)(0) wn(6) | 2 (0) “2"'(0)]
% = f U. 0U.  ev. 0. |%®

whence the lift and pressure drag coefficients become

0, P

Cy _ Cw Crw
0.2 62 ' 6>

Co _Cap  @Cr
8.5 6.7 0. 6.*

The effect of both base-pressure drag and skin-friction
drag are here ignored.

It should be noted that all formulas deduced clearly show
the dependence on the various hypersonic similarity param-
eters’s; thus they apply to a family of configurations.

9. Numerical Results

To check the theoretical analysis, numerical calculations
were carried out on a Bendix G-15 digital computer. The
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Fig. 6 Drag polars.

quantities computed include the shock shape, the surface
pressure distribution, and the aerodynamic forces.

The results of these calculations for the shape of the bow
shock for a family of configurations with /6. = 2.09, M 8, =
1, and «/8. = 0, 0.25 and 0.50 are displayed in Fig. 4. It is
evident that, as «/6. increases, the shock shape departs more
and more from that of a circular cone.

The predicted spanwise pressure distribution on a con-
figuration with 4. = 12.5°, A = 25° at incidences of 0°,
10°, and 20° in a Mach 8 flow is compared with correspond-
ing experimental results'? in Fig. 5 (! measures the spanwise
distance from the windward generator, and b is the total
wing span). It is seen that theoretical and experimental
pressure distributions on the body agree reasonably (even
at high relative incidence) but that significant departures
occur near the corner and out on the wing. These are be-
lieved mainly to be due to the interaction of the shock BD with
the wing boundary layer causing flow separation. Although
the theory holds strictly only for e <« 6, < 1, the departures
between theory and experiment appear to be independent of
a/0.; this indicates that the theory may also be valid when
o ~f..

Predicted drag polars for the same configuration at «/f, =
0, 0.25, 0.50 and M.6. = 1, 2, 3, « are shown together with
the drag polar for a two-dimensional flat plate (calculated by
Newtonian theory) in Fig. 6. It is seen that the latter is an
asymptote of the family of polars and that the approach to
it becomes more rapid with increase of both a/8, and M .0,.
This is consistent with physical reasoning since at large inci-
dence the flow about the configuration resembles more closely
that about the wing alone. For the purpose of comparison,
experimental drag polars corresponding to M.0. = 1, avail-
able from Ref. 3, are included in this figure.

The variation of lift-drag ratio with lift coefficient for the
foregoing configuration at M6, = 1,2, 3 and = at «/f. =
0, 0.25, and 0.50 is illustrated in Fig. 7. It is seen that the
maximum lift-drag ratio occurs at a/8. = 0 and that this
maximum is approximately 5 for the configuration under
consideration (M, = 5).

10. Conclusions

By combining the hypersonic small disturbance approxi-
mation with the theory of linearized characteristics, explicit
expressions for the bow shock wave and the perturbation
velocity field are obtained for conical flat-top configurations
traveling at hypersonic speed and small incidence. Once
the perturbation velocities are determined, the surface pres-
sure distribution and over-all aerodynamic forces are readily
calculated.

The most significant feature of the theory is that it provides
an analytic solution to the problem, based upon rigorous
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formal procedures. In applying the theory to an actual case,
no restriction need be imposed on the magnitude of the cone
angle or the leading edge sweep, except the usual smallness
criteria for hypersonic small-disturbance theory. Although
formally the theory is strictly applicable only for & < 8. < 1,
it is likely to be also valid for /8. ~ 1, as is usually the case
for small perturbation theories.'* The accuracy of the theory
is mainly controlled by the similarity parameter M0, and
improves as M 0, —> <.

The theory has been applied to a particular configuration
for which experimental pressure distributions are available.
The correlation between theoretical and experimental sur-
face pressures is favorable over the major part of the body;
however, the theory fails to account for the large interference
pressures near the wing-body junction and on the wing. The
discrepancy is believed to be due to complicated shock
boundary-layer interaction taking place near the corner,
causing flow separation.

The theory predicts an optimum lift-drag ratio of about
5 for a typical wing-body configuration in a Mach 5 flow.
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